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CURVES OF PURSUIT. 



BY JAS. M. INGAIiLS, IST LIEUT. IST ART'y, TJ. S. A., FT. TRUMBULL, CONN. 

Problem. — A point, B) moves with a ujiiform velocity along a given 
straight line : another point, /f , moves continually toward S 'with a veloci- 
ty also uniform. Required the locus of >f . 

Let MO, Fig. 1, be the giv- 1 
en straight line, and A and E 
the positions of the points Ji j 
and B) respectively, at any in 
stant. Suppose that while £ 
moves from B to B', A moves I 
from A to A', describing the 
curve AEA'. Then from the 
nature of the problem the right j 
lines AB and A'B' are tang' 
to the curve AEA' at A and 
A', respectively. 

Take A as the origin of rec-j 
tangular co-ordinates, of which | 
AX&nA A Y, respectively per 
pendicular and parallel to MO, are the axes. Draw A'D perpendicular, 
and A'C parallel to MO; and make AC = x, A'C = y, A'B' = t, 
A'D = z, A'B'M = <p, DA'B' = 0, curve AEA' = s, AB = T, AX = 
h, and ABM = /?. Of these quantities the last three relate to the relative 
initial positions of the points /( and B> ^^^ ^'^Y be considered constant. 
Further, if m = the ratio of the two given velocities, BB' = ms. 

Since B'I>+I)X = B'B+BX, therefore 




Or, differentiating, 



(6 — a;)-T^ + y ^ ms -f constant. 



By substituting for -7^ its value, (l+xr) ' *^^ above equation may be 

written , dy 

dx mdx 

(1 4- ^\i ~ ^--^' 
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the int^ration of which gives 

^«s [1 + (^+£)*] -=-iog(6-.)'»+ioga 

At the origin, 

J = -cot^;and(l+|^)* = co8ec^. 

Therefore C = 6'"(cosec /3 — cot/9) = 6"tan^/9; and consequently, 

% .JL h -L ^y^\^i — ^"tan^jg .„> 



Hence we derive 
and 



(6 — a;)" 

dy ^ Jr^n^_ _ (b — a;)" ,„ 

da; 2{b — xf 26"'tan ^/9' ^ 



ds _ fc^tan ^/9 (6 — a;)" ... 

dx ~ 2(6 — a;)" ^ 26"tan p' ^ ^ 

In the above equations b — x = « = the perpendicular from any point of 
the curve upon MO. Call that perpendicular which is tangent to the curve, 
a. {P'O, Fig. 1.) Then, from (3), we have, o"" = J'-tan ^^; or i" = a" 
Xcot ^/9. Therefore, since the origin may be at any point of the curve, we 
have 

(6 — a;)*" = 2" = a^cot ^. ( 5) 

The integration of equations (3) and (4) gives different forms according 
as m < 1, m = 1, or m > 1, We will discuss each case separately. 

Case 1. m < 1. 

Using o" instead of d^tan ^j8, and integrating equation (3), we have, 
since b = Tsin /9, 

_ {b — xy+- _ a-(b-xy ^ Tjm-cos ^) .„. 

^ 2a'"(l4-m) 2(1— m) "^ 1— m» * ^ ' 
The integration of equation (4) gives, 

_ r(l— OTC08/3) _ ib—xy+'^ _ a''{b—xy -'" .„. 

* — 1—^2 2a'"(l+m) 2(1— m) * ^ ' 

When Jf overtakes S (a* P) Fig. 1) we shall have x=b; and the above 
equation reduces to 

y = PX= nm-cosj), and 8= AEA'P= T{l-moo^^ 
1 — m 1 — m 

Equations (6) and (7) may be simplified by changing the origin. Thus 
if we change the origin to P', we shall have a = 6 = T, and /9 = \j:. 
Therefore equation (6) reduces to 

^ — 2a"'(l+m) 2(1— m) "^ 1— m" ^ ' 



—al- 
and 8 = _? (a-x)i+" a-{a-x)i- ,q. 

1— m' 20^(1 +m) 2(1— m) ' ^ ' 

Therefore PO = »; and PEP' ^ , ^•, and consequently, 

1— m^ 1— m* ^ 

PZP' = {l-^m)PO. 

Since m < 1 , we may make cos ^ = to, and thus cause the constant term 
in equation (6) to disappear. For this particular value of /?, we find from 

:|--^ 12 »», which call c. Therefore equation (6) be- 
comes, in terms of c, 

^ 2c"'(l— m^")« 2(1— m^)>^ ' ^ ' 

Since y = 0, in the above equation, when x = 0, and when a; = c, it is 

evident that this new axis of X, is perpendicular to OM at P where /I 

overtakes B > and that the curve cuts the axis of X at P" at an angle 

whose sine is m. From equation (7) we have 

_ {c-xY+ '- c-{e-xY- ^ ,... 

2o'^{l—m?Y' 2(1— m^)^ ' ^ ' 

where T=. P"B". Therefore when a; = c, we have s = T. That is, the 
curve PP'P" is equal to the tangent P"B". 

An expression for t, that is, the distance between the points /f and ff at 
any instant, may easily be found. It is evident from the figure that 

t = {b — a;)-3^= z-^ = zcosecf = zsec^. (12) 

But from equation (4) 

dx laTz"^ * ■ * " 2a" ' 

Another expression for t may be found as follows:— Differentiate the 
first of equations (12), and we have, 

dt ,, sd's ds 

'dx~ ^ ^''d^ dx' 
but from equations (3) and (4) we easily deduce 

Therefore 






dx dx dx' 

.-. t = my — 8+ T. (14) 

When t = 0,8 = my+T. That is (Fig. 1), AEP = AB+mXPX. 
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Radius op Cubvatube. 






Designate the radius of curvature by R, 


Then, since 


generally, 




ds 
Tf . dx 


ds2 
dx^' 






dx^ 








if we use the plus sign and reduce by means of equation 


(1) we shall have, 


m 
Therefore by equation (12) 






(15) 


mz m 


a cot \<p 
wisin'^ * 







Substituting for -j-, in equation (15), its value already found, we have, 

according as m < or > than ^. When m = ^, we have the simple exp'n. 

From the above expression it will be seen that the radius of curvature at 
P is zero when m is less than one half; ^a when m = one half; and infi- 
nite when m is greater than one half. The radius of curvature at P' is, in 

c 



all cases, — ; and at P", B — ^^- ^,. 

m m(l — m^) 

To determine whether B has a minimum, we differentiate equation (15), 

and obtain, 

dB (ndy 1 ds\ds 2msintf — 1 

dx \ dx m ' dxldx mcosW 

Therefore when dB-i-dx — 0, we have sin = (l-^2m). 
The second differential coefficient is 

cPB __ 2m / dy^ , ds^\ _ 2 dy ds ^y^j^ reduces to ^^ 

dx^ b — xxdx"^ dx^) b — x ' db: ' dx' b — x 

on the supposition that dB-i-dx = 0. As this is positive, iJ is a minimum 

when sin = ^ — , or a = o ( J"'~~^ ) 2^. 
2m \2m + l/ 

If we designate by B^ the minimum value of B, we shall have 

D 4am 

>» 2™+! 2»"— 1 ' 

(2m + 1) 2» (2m — 1) a™ 
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We may also have by means of the preceding formulas, the following 
relations viz.: — 



■Bm = 



4mz 



^ = 2a tan /? sec /? = 2<tan/? 



2t 



4m'' — 1 ^(4»i' — 1) 

In these formulas, z, t and d refer, of course, to the point of maximum 
curvature. 

If we represent m by the proper fraction p-^q, where p and q are prime 
to each other, there will be three varieties of the curve, viz. : — when p is 
odd and q even; when p is even and q odd; and when p and q are both odd. 

Before continuing the discussion it will be convenient to change the ori- 
gin to P, at which point b = T=0; and ^ = ;r. Therefore equations (6) 
and (7) become, changing the signs of x and s. 



y 



a"'x' 



,.i+»> 






2(1 — m) 2a'"(l + m)' " 2(1 — m) 
Figure 2 represents the first variety, where m = ^. 
(3a — x) i/x 



+ 



-l+m 



2a"'(l -f- wi) 
We have 



y = ± 



and , = (3a + «>) V£, 




3Va 
A,s„ , = ± ^'(?)* 

and i? = '' 1, ' - = — = 2« sec a. 
2a X 

The curve extends from a; = to 
x= -\- oo, and is symmetrical with re- 
spect to the axis of «. 

There is a multiple point at P" I 
where the two branches intersect at an angle of 60° 
are easily deduced : — 

Arc PP'P" = 5"P" = a]/12. ^rc PP' = 2X OP = fa. PF" = 
3X OP'. The values of P at P, P', and P", are respectively, \a, 2a and 
8a — three quantities in geometrical progression. It is, perhaps worth 
mentioning that if the arc PP'P" be revolved about PP" as an axis, the 
volume generated will be ^ of the circumscribing cylinder. 

Figure 3 is a type of the second variety. In its construction, m was 
made equal to |-. Its equation is 

9a^ 



The following values 



18a^L J 
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In all of these exam- 
ples, by changing the sign 
of the second term within 
the brackets, of the equa- 
tion of the curve, we have 
an expression for s; i. e., 
the length of the curve 
measured from P to the 
point whose abscissa is x 

The curve extends from 
X =^ -t-ootoa;= — oo; 
and the parts on opposite 
sides of the axis of y art 
similar. The maximum 
curvature is at E, where 



The minimum radius of curvature may be constructed as follows : At E 
draw the tangent JEK and the normal EC. Draw KH perpendicular to 
the axis of y, and take HC = EH. Then is EC the radius of curvature 
at E. The radius of curvature at P is infinite, as it is in all these curves 
when m > 1^. 

The third variety is illustrated by Fig. 4, where m = J. Its eq'n is 




y 



8a* L 



2a^ — x^ 



The curve consists of two 
similar branches extending to 
infinity on either side of the 
axis of y. 

The radius of curvature at 
the origin is zero. 

Case 2. m — 1. 
The integration of equations (3) and (4) gives, when m = 1, 

y 2'"^ \b—xl ^ 4a 4a' 

2^^\b—x' ^4^^ + 4^' 
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As before, the origin may be at any point of the curve determined by 
the value of b. If the origin be at P', Fig. 6, we shall have b = a and 
the above equations reduce to 

When X ■= a, y and s are 
both infinite; but from the a- 
bove equations we have, when 
x^ a, s — y= \a. That is, 
if the curved line P'AP, which 
meets the straight line OM at 
infinity were straightened or 
developed along OM, it would 
reach below O by a distance 
equal to |a. 

The following values of < are easily deduced, viz 




t = zsecO 



a 



dx 
dd 



''+^~' = 2^ + 2=^(^')- 



l+sin/S* 

Therefore when 2 = 0, t = \a; which is the distance between the points 
/f and S, at infinity. 

The following are some of the expressions for R, viz. : — 

_ (a* + z'f 



R^t^ 



tsecd 



4arz 



When iJ is a minimum d = 30°, 2 = 



V3 and t = 2a-^3 ; and the 
minimum value of i2 is i2„ = 4a-^3 |/3. A, Fig. 5, is the point of max- 
imum curvature, and AC= 2xAH is the radius of curvature. The radi- 
us of carvature at any point of the curve whose coordinates are given may 
be easily constructed as follows: Let A be any point of the curve. Then 
by means of its coordinates, the tangent AB and normal J.C may be drawn. 
From B draw BH parallel to OP'. Then is BH equal to the radius of 
curvature at the given point. At P', R = a. 

The area between the curve P'P and its asymptote is Ja^ ; and the vol- 
ume generated by revolving P'P about P'O is ^na^ ; which is therefore 
the volume of a disc whose base is a circle of infinite radius and whose al- 
titude is a. 

If the curve PP' revolve about its asymptote, the surface generated by 
the curve = ^na^, and the volume = ^na^. 
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Case 3. m>l. 

When m > 1, the integration of equations (3) and (4) gives, placing the 
origin at P', Fig. 6. 

cT , (o — xY*'^ am 

^ 2(m — 1) (a— ar)"- 1 "^ 2a'"(m + 1) m'—l' 

cT (g — xy+^ a 

* 2(m— l)(a— a;)"-! 2a'»(m+l) n^^^' 

Although when m is finite, « and y are both infinite when x = a, yet their 
difference, as in case 2, is finite. The value of s — y is, in all cases, equal 
to a-j-(m+l). — We have already found 

2a'"3'"-i ' 
which is infinite when 2=0. To determine whether t has a minimum 
value, we make the second member of equation (13) equal to zero, and find 
sin d = (1-J-m). This substituted in the second diff. coeff't reduces it to 

m r" '"+1 *"-! ~| 

— (m+l)^^(m— 1)"2^ ; 

and this is positive, so long as | 
m > 1, for positive roots ; and 
those are the only ones consid- 
ered in this discussion. The 
preceding formulse give, when 
sin = (1-5-m), 

/m— 1\J- 

\m+l/ ' 
and thence we deduce for <„ the 
following value, viz. : — 
am 



L 



(m + 1) 2« (m — 1) a*" 




We have already found, when sin ff = l-i-{2m), 

4am 



je„ = 

2"'+l 3m-l> 

{2m+l) 2« (2m— 1)1^^ 



and 



z = a 



/ 2m— 1 \A. 
\2m-|-l/ "• 



In Fig. 6, where m=f, J. is the point of maximum curvature, and A'^ 
the minimum distance between the points. 

For all values of m > 1, ^ lies between A' and P' ; and as m is in- 
creased A and A' approach still nearer to P'. 



